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LONG TIME DECAY OF 3D-NSE IN LEI-LIN-GEVREY SPACES 


JAMEL BENAMEUR AND LOTFI JLALI 


Abstract. In this paper, we prove that there exists a unique global solution of 3D 
Navier-Stokes equation if exp(a|Z)|'^^'^)ri° £ and ||'u°||.v-i < Moreover, we 

will show that || exp(a|D|^/‘^)M(t)goes to zero if the time t goes to infinity. 
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1. Introduction 

The 3D incompressible Navier-Stokes equations are given by: 

{ dtu — I'Au + u.Vu = —Vp in M"'' x 
div u = 0 in R"'' x R^ 

u{0,x) = u^{x) in R^, 

where u > 0 is the viscosity of fluid, u = u{t,x) = {ui,U 2 ,U 3 ) and p = p{t,x) denote 
respectively the unknown velocity and the unknown pressure of the fluid at the point 
(t,x) E R+ X R^, and (u.Vu) := uidiu + U 2 d 2 U + usdsu, while = (uf(x),U 2 (x),u^(x)) 
is an initial given velocity. If is quite regular, the divergence free condition determines 
the pressure p. 

The study of local existence is studied by serval researchers, Leray [13 [ni, Kato |5],etc. 
The global existence of weak solutions goes back to Leray m Sjiici Hopf . TliG globcil 
well-posedness of strong solutions for small initial data in the critical Sobolev space 
is due to Fujita and Kato |S], also in [3], Chemin has proved the case of H^, s > ^. In 
[9] , Kato has proved the case of Lebesgue space . In [TO] , Koch and Tataru have proved 
the case of the space BMO~^ (see, also [3 HI El). It should be noted, in all these works, 
that the norms in corresponding spaces of the initial data are assumed to be very small, 
smaller than the viscosity u multiplied by tiny positive constant c. For further results and 
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details the reader can consult the book by Cannone [T] . In m, the authors consider a new 
critical space that is contained in BMO~^, where they show it is sufficient to assumed 
the norms of initial data are less than exactly the viscosity coefficient u. Then, the used 
space in m is the following 

T-1(M3) = {/gP'(m3); f ^d^<oo} 

Jr3 141 

which is equipped with the norm 

Ilf II f 

Jr3 141 

We will also use the notation, for z = 0,1, 

t*(m3) = {/gp'(m3); f |4ni2(4)|d4<oo}. 

Jr3 

For the small initial data, the global existence is proved in m- 

Theorem 1.1. (See Let such that ||u'^||a'-i(r3) < Then, there is 

a unique u € C(M+, such that Art G L^(M+, Moreover, Vt > 0 

sup {\\u{t)\\x-•^ + {v-\\u^\\x-^) ( ||Vn||L°°dT^ < ||tt°||_:t--l. 

0<t<oo V J 0 J 


Moreover, in |16] the authors proved the local existence for the initial data and blow-up 
criteria if the maximal time is finite, precisely: 


Theorem 1.2. (See [TH] ). Let rt^ G <T ^(R^). There exists time T such that the system 
{NSE) has unique solution u G L^([0,T], T°(R3)) wish also belong to 

c([o, T], t-^(r 3)) n L^([o, T], (r 3)) n L°°([o, r], t-^(r3)) 

Let T* denote the maximal time of existence of such solution. Hence 
If ||u||_:^'-l < v, then 

T* = oo 


If T* is finite, then 

^(^)IIao = oo- 

Also, the long time decay for the global solution was studied in [6], precisely: 
Theorem 1.3. (See [6]J Let u G C(R^, A’“^(R3)) he a global solution of {NSE), then 

lim sup = 0. 

t—>-oo 



To prepare for announce our main results, we need to introduce the Lei-Lin-Gevrey 
spaces: For a > 0, tx > 1 and p G R, the following spaces are dehned 

Z,^,,(R3)={/g5'(R3); [ |4re“l«l^'n/(0|rf^ <oo} 

iR3 

which is equipped with the norm 

iR3 

Our first result is the following: 




LONG TIME DECAY OF 3D-NSE IN LEI-LIN-GEVREY SPACES 


3 


Theorem 1.4. Let vP G such that ||u||;t’-i(]R3) < v. Then, there exists a unique 

global solution u G C(M+, n L\R+, of {NSE). 

Our second result is as follows: 

Theorem 1.5. Let u G C(M^, be the global solution of (NSE). Then 

lim sup ||n(t)||^-i = 0. 

t—yoo 

The paper is organized in the following way: In section 2, we give some notations and 
important preliminary results. Section 3 is devoted to prove that (NSE) is well posed 
in In section 4, we prove the existence under the condition ||u||;t'-i(]R3) < v. 

Finally, in the section 5, we state that the norm of global solution in Z~^(R^) goes to zero 
at infinity. 


2. Notations and preliminary results 

2.1. Notations. In this section, we collect some notations and definitions that will be 
used later. 

• The Fourier transformation is normalized as 

-^(/)(0 = /(O = [ exp{-ix4)f{x)dx, f, = (6,6,6) G 

i]R3 

• The inverse Fourier formula is 

= (27r)“^ [ exp{if,.x)g{f,)df,, x = {xi,X 2 ,x^) G 

• The convolution product of a suitable pair of function / and g on is given by 

{f*g){x):= f{v)g{x-y)dy. 

• If / = (/i, 6, h) and g = ( 51 , 52 , 53 ) are two vector fields, we set 

f ®g:= (51/, 52/, 53/), 

and 

div (/ ® 5) := (div (51/), div (52/), div (53/))- 

• Let {B, ||.||), be a Banach space, 1 < p < 00 and T > 0. We define L^{B) the space of 
all measurable functions [0,t] 3 t f{t) G B such that 1 1 —>• ||/(t)|| G LP([0,T]). 

2.2. Preliminary results. In this section, we recall some classical results and we give 
new technical lemmas. 


-'a,a " ^ " ^a,(T 


Lemma 2.1. Let f,g ^ Ci Then 

II/<7||zo,<II/IU-IMzi. + II/IUi 

Proof lemma \2.1[ We have 

WfaWzo 


a,(T Za,(T 


< 


\f{^ - g)\\g{g)\dv] d6 
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Using the inequality and 1 < + ]|^- 

We obtain 

r r I ^1^1 

ll/5llzo = / ( / 1^ - - ^) r II \9{v)\dV 


+ 


I 


5 Jri 

ga|$-?7|l/o 




\v\ 


Put 

Flii) = |C|e“l^l^'n/(OI, F 2 {i) = ^^1/(01, Gi(0 = |e|e“l«l^'n?(0l and ^ 2(0 = ^^|?(6I- 


Then 


lei 


||/5llz0_^ < 11-^1 * G 2 IILI + 11-^2 * GiIIrI 

< \\F,U4G2\\l^ + \\F2\\l4Gi\\l^ 


< 


jrillsllzi + l/llzi 


a,cr "-^ajCT 


Lemma 2.2. Let tt G n T/ien 

II [ e"(*-")^diu(u®n)dr||^-i <2||u||^^(^-i)||n||i^(^^^^ 

^ u 

Proof lemma 12.31 

II J e'^^*'~'^'^^div{u'S> u)dT\\^-i < J ® it)||^-i dr 


< 


< 


['\\e^^^-^^^{u0u)\\zojr 

Jo 

/ \\{'a^u)\\zojT. 

Jo 


Using the lemma ITTI we obtain 

II J e‘'^^~'^'^^div{u ^ u)dT\\^-i 


Lemma 2.3. Let u G L“(Z^ ,|.(R^)) n L}p{Z^^^ 

rT rt 


< 2 


/ ||n|L-i 11 ^ 11^1 

I " " ^a,c7 " " ^a,a 

'J 0 




. Then 


Jo Jo 

Proof lemma \2.1A 

rT rt 


^^^div{u®u)dT\\zi^Jt < 2||u||^^(^-i)||u||i^(^i J. 


[ II [ (g) n)dT||^i ^dt < 

Jo Jo 


fT rt 

lo Jo 


lei 


□ 


□ 




< 


[ f / [ e-Fi-F\e\ff^(^^^^')\drdt] dC. 

JRS \Jo Jo / 
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Integrating the function twice with respect to r E [0, t] and t E [0,T], we get 

i-\T^ 

dr 


rT rt 


/ 




{T,C)\dTdt = f |tt (g) n(r,,f)| 

Jo 






T _^ 1 _ e-;^(T-r)|^|2 

u (g) n(r, .f)| (-- )dT. 




Then 


C W f e'^^^-^'^^div{u®u)dT\\zi dt < [ 
Jo Jo Jrs 


rT 1 _ e-t^(T-r)|^|2 _ \ 

^ - )\u<S)u{T,^)\dT\ d^ 


< 


f 

Jo 


\u (g) U\\z 0 


Using the lemma ITTI we will get the result. 

The proof of the first main result requires the following lemma. 


Lemma 2.4. 


\u®u\\zo^ < \\u\\z-} ||m||" 1 ||Air|P_ 


y/a 


1 • 

a,u 


Proof lemma [KJ 


It is easy to see that 
Then, for x = |^| 
This implies 

Then 


3;2g(CT <Ca,(7, Vx > 0. 

< Ca,a- 




\\^u\\z-l = 


Jr3 


< c 


\u{0\df 




< c ki L-i . 

Using the previous computations and Cauchy-Schwartz inequality, we get 

f \u{^ - 7 ])\\u{r])\dr])d^ 

Ji Jr) 

< cllrillvo ll'ullzo 

— 2 l (j'' ^a,CT 

CT ’ 

< c||Au||^ 1 Mzo^ 

< c||'li||-7-l ll'wlIzO 

" " g " " ^a,C 7 

v^’ 

< cllull^-i ||n|P_j ||At(|P_^. 

g ^a,C 7 ^a,CT 

y/a 


□ 
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3. Well-posedness of {NSE) in 

In the following theorem, we study the existence and uniqueness of the solution. 

Theorem 3.1. Let G Then, there are a time T > 0 and a unique solution 

u G C([0,r],Z-i(]R3)) of (NSE) sueh that u G L^{[Q,T], 


Proof theorem \S.1\. 

(i)Firstly, we wish to prove the existence. 

The idea of the proof is to write the initial condition as a sum of higher and lower fre¬ 
quencies. For small frequencies, we will give a regular solution of the associated linear 
system to {NSE). For the higher frequencies, we consider a partial differential equation 
very small to {NSE) with small initial data in for which we can solve it by the 

Fixed Point Theorem. 

• Let r G (0, ^). 

• Let G N, such that 


Let’s 

and 

Clearly 

(3.1) 


/ |.| < 7 - 

'|c|>iv |4| 5 




W 




w 


r 

-1 < T. 


Let V = the unique solution to 




r dtv — uAv = 0 

1 u(0, x) = v^{x), 

We have 



k 7-1 ^ \W^\\ 7-1) vt > 0, 

''^CL,CT ''^CLjCT 

and 



Jo JR3 


< 

Jo JR3 


< 

Jr3 Jo 


< 

- [ (1 
^ Jr3 


Using the Dominated Convergence Theorem, we get 
(3.2) ^hm j = 0. 


Let e > 0 such that 
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In II7-1 + e < 


5’ 


and 


4(e + 2r||n°||7-i)<-. 


By (j3.2l] . there is a time T = T{e) > 0 such that 

lbllL^(Zi,J < 

Put w = u — V, clearly w is the solution of the following system 

dtw — uAw + {v + w).V{v + w) = —Vp 
n;(0, x) = w^{x) , 

The integral form of w is as follows 

ft 


w = - 


f + w).'S/{v + w)dT. 

Jo 


To prove the existence of n;, we put the following operator 

rt 


+ w).V{v + w)dT. 

Jo 


Now, we introduce the spaces Zt as follows 

ZT = C{[0,T],Z-U^^))nL\[0,T],Zl,iR^)) 

with the norm 


- II/IIl“(z- 1 ) + II/IIl^(zi,j- 

Using lemmas YI?2 \ and iTSl we can prove '(/’(^t) C Zt- 

• Also, denoted by the subset of Zt dehned by: 

Br = {n E Zt] II^IIl^?( z-i) ^ II'“IIl^(zi_^) 

• For n; E Br, we prove that i/i(n;) C B^. In fact, we have 


where 


< r}. 


h = 


h = 


k={) 

Jo = ||e^*^n;0|L-i 

^a,(7 

J ||e'^^*“’'^^nVn||^-i dr 

J ||e‘"^*“’'^^nVn;||2-idT 


k= lle^"^* '^^^n;Vn|| 7-1 dr 


h = 


J ^^'^niVnill^-i dr. 


Using m the lemma 12.21 and the fact that w E B^, hence we get 

r 

-Iq < 7 
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Then 

(3.3) 

Similarly, 

where 




r 

^ 5 


h,h < lbllL^(Zi,^)lkllL5?(z-i) 

+ ll^llL-(Z-i)lkllL^(Zi,J 
, 0 | 


^ ^( 11 ^ llz„-i +e) 


r 

^ 5 


< 2r‘^ 
r 

< 


w)it)\\z-l < r. 

4 

w)mLHzu <^Jk, 


k=0 


Jl = 


J2 = 


h = 


Jo= [ 

Jo 

f e^^^~'^^^vVvdT\\zi dt 
Jo 

f e''J~'^^‘^vVwdT\\zi dt 
Jo 

f e''J~'^'^‘^wVvdT\\zi dt 
Jo 


rT rt 


rT rt 


J4 = / II / e'^J '^'^^wVwdrWzi ^ 
Jo Jo 


dt. 


Using lemmas [23] and the fact that re G B^, we get 

Jo < T 


Jl < 2||n||i^(^-i)||n||^^(^i j 

< 2e||n°|L-i 


< 


5 
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Then 


^2,^3 < 


+ 


m 


0 | 

' ’a,<T 


< r{\\u \\z-i+e) 
r 
5 


< 


< 2r^ 

r 

5' 


< 


(3.4) \\'4’{w){t)\\L^i^zl,)<r. 

Combining (13.3p and (|3.4D . we get iIj{w) C and we can deduce 

(3.5) C Br. 

• Proof of the following estimate 

\\i'{w2) - '4 j{wi)\\zt < ]^\\W2 - Wi\\\Zt-, Wi,W2 G B^. 


In fact, we have 

'i’iwi) —' 4 ^{wi) = — f {{v + W 2 )V{v + W 2 ) — {v + wi)V{v + wi))dT 

Jo 

e'^J-T)^[{v + W2)V{w2 — wi) + {w2 — r(;i)V(i; + wi))dT 


and 


||V’(W 2 ) - <Ki+ K 2 , 

with 


pf, 


Ki = 

/ + rc2)V(rc2 — w'i)dT (^-1 

^ 0 


K2 = 

f e'^J~'^^^(w2 — wiWh + wi)dT\\y-i 

Jo 


Using lemma [2]2l we can deduce 



Ki < 
< 

+ 

< 

Similarly, we get 


Then 


IIU + W2\\z-)^\\W2 - Wi\\\zl_^ + ||i; + W2\\zlJw2 - 
(llull^-i +||R;2||^-i)|h2-u;i||bi^^ 
i\Hzl, + \\w2\\zlJ\\w2-Wi\\\z-l 
{e + 2r + ||it°|| 2 -i)||tC 2 - wi\\\zt- 

K 2 < {e + 2 r + I|n °||^-1 )||rc 2 - wi\\\zj.- 


(3.6) ||V^('«; 2 ) - V’(w'i)IIl-(z- 1) < 2(£ + 2r+ ||u°||^-i)||u ;2 -icilllzj,. 

Therefore, we have 


\\^P{W2) - V’(w^i)IIl 1(Z1_,) < ^i^3 + 
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^3 = / II / + W2)V{w2-Wi)dT\\zl^dt, 

Jo Jo 

Ki= [ II / — wi)V{v + wi)dT\\zi ^dt. 

Jo Jo 

Using lemma [231 then we can deduce 

i^3 < lb + W^2||L^(zi,jl|w^2-W^l||lioc(^-i) 

+ lb + W^2|l2,c=o(2-l)l|w^2 -'f^llllL^(Z-l) 

< (e + 2r + ||m°||^-i )||i (;2 - icilllzy 

Similarly, we get 

K4^< {e + 2 r + ||u°||^-i )||i(;2 - tci|||zy. 

Then 

(3.7) \W{w2) - V'(r’i)||l^{zi_J < 2(£ + 2r + ||u°||^-i)||u;2 - w^iIIUt- 
By (13.6p and (13.7p . we obtain 

\\'4^{w 2) - ii{wi)\\zT < 4(£ + 2r + ||u°||^-i )||t (;2 - wi|||zj,. 

This implies 

(3.8) ||V’(w'2) - i^{wi)\\zT < ^||tC2 - iwiIIIzt- 

So, combining (13.5|) and (13.8D and the Fixed Point Theorem, there is a unique in G 
such that u = V + w is the solution of (NSE) with u G ^^’(M^). 

(ii) Secondly, we want to prove the uniqueness. 

Let ui,n 2 G C{[0,T], Z-^iR^)) n L^i[0,T], ^(R^)) of (NSE) such that ui(0) = 112 ( 0 ). 

Put 6 = Ui-U 2. We have 

(3.9) dt6 — u/S.d + U1.V6 + 5.Vu2 = —V(pi — p2)- 

Then _ ^ ^ 

dt5 + z^|ep5 + (i^^) + (5^2) = 0. 

Multiplying the previous equation by 5, we get 

(3.10) dt6.6 + u\^\‘^6.6 + {u^d).6 + {^^2)■d = 0. 

From Eq ()3.9p we have 

dj + i/|^| 25 + (ilTw) + ( 5 ^ 2 ) = 0. 

Multiplying this equation by <5, we get 

(3.11) dt6.6 + u\^\‘^6.5 + {u^d).d + {^^2)■d = 0. 

By summing (I3.10p and (13.lip , we get 

dt\5\‘^ + 2i/|^|2|?|2 + 2Re{{u^6).6) + 27?e((^?^).?) = 0, 

and _ _ 

dt\5\^ + 2HCp|5p < 2|(i;rw)||?| + 2|(5?^)||?|. 
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Let e > 0, thereby we have 

dt\ 5 \^ = dt{\ 5 \^+ £^) = 2 ^\ 5 \^ + e\dt^lW + e^ 


then 


2dt\^W + e‘^ + 2u\iY 


|5|^ 


|(5p + 


< - + 2\{5^2)\- 


|(5p + e2 y'|^|2_j_£2 


< 2|(ui.V5)|+2|(,5.V«2)|. 


By integrating with respect to time 


|(5|2 + e 2 + 1 / / 




< / |(Mi.V(5)|(ir + / \{5.Vu2)\dT. 


|5|2 + e2 JO 


Letting e ^ 0, we get 


\S\ + iy \^\MdT< / \{ui.VS)\dT+ / |(< 5 .Vu 2 )|(ir. 


pa|?l 


Multiplying by ^-j^|— and integrating with respect to ^ , thereafter we get 

\\d\\z-i+^j^ \\^d\\z-i/T < \\ui.V5\\z-iJt + \\5.Vu2\\z-^Jt 


< 


\\5ui\\zoJt+ [ \\u25\\zoJt. 
’ Jo 


Using the elementary inequality xy < ^ + ^, we get 
ll'^^lllzo < Plizo ll^lllzo 


-^a,cr 

1 


Similarly, 


Then 


\\u 2 Sh 


^a,CT ^a,(7 ^a,(7 ^a,a 




u 

'j u 

Using Gronwall lemma and the fact {t i-A IImi || 7 - 1 1| Attill 7 - 1 ) G L^([0, Tl), (t i-A ||m 2 || 7-1 ||^'i* 2 || 7 - 1 ) £ 

^a^tj ^a,(7 ^a,(7 ^a,cr' 

L^([0,T]), we can deduce that (5 = 0 in [0,T] which gives the uniqueness. □ 

In the following, we prove a global existence if the initial condition is small in the 
Lei-Lin-Gevrey spaces. 
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Theorem 3.2. Let G Z, 


^-1 


such that ||u°|L-i < i^. Then, there exists a unique 


global solution u € ,|.(]R^)) H of (NSE) such that 


\u 


j-i + (■ 


u — u 


0 


-1 dr < 7-1. 

a,a ^a,(7 

~ u 

Proof theorem 13.21 

From theorem [m if G we have a local existence 

nGL??(Z-i(R3))n4(Z,V(M3)). 

Assume that ||u^||^-i < and u G C([0, T*), nT*), ,^(R^)) is the 

maximal solution of (NSE). We have 

clt||n(t)||^-i +z/||Au||^-i < ||div(u (g) n)||^-i. 

Integrating over (0, t) we get 


< llu'^IL-i + 


/' 


lu^uWyo dr 


^a,<T 


\\u{t)\\z-f+^ [ \\^^\\z-fj^ 

J 0 

(3-12) < ||u°||^-i + / ||u,||^-i ||Au||^-idT. 

'J L) 


u+Wu'^W I 

^a,CT 


Therefore, for T* = sup{t G [0,T*) / ||u(t)||^-i < a}, where a = - ^ 

Take t G [0,T*). Then we have 


Ht)\\z-i + ^ / \\^'>^\\z-idT < ||u°|lz-i + a / IIAull^-idr. 


This implies 


kWllz-i +(z^-a) / W^-^^Wz-idT < \\u Wz-i 


< a. 


Then T* = T*. Particularly if T < T*, we have 

rT 




^a.a 


Therefore, T* = oo 


□ 


4. Global solution 

In this section, we prove the first main theorem 11.41 
Let u G C([0,r*^),Z-^(R3))nL;^^^([0,r*^),Z],^(R3)) be the maximal solution of (NSE), 
such that IIu^IIa’-i < 

Therefore, we have 


Ht)\\z-l+’^J^ l|An||^-i(ir < ||u°||^-i+^ \\div{ 


< llu'" 


A r 

Jo 


n (g) u')|| 7-1 dr 


\u®u\\zo dr. 
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Using the lemma YTM and the inequality xy < 


|n(t)|L-i +p 




^ -i_ yl 
2^2 

-t 


, thus we get 


dr < \\u^\\^-i+c ||w|U-i ||m||^_ i ||Au|U_idr 


^a.cT 


i 

+ c^ (||n|||^ +^||An||^-i)dr. 


This implies that 

+ W^^Wz-ldT 

By the Gronwall lemma, we get 


< ||n^|| 1 + c 

^a.cr 


■^0 


Ittll 7-1 dr. 

^a.a 


I ^ 1,^ II ,xp(c [ 


|u(t)|L-i < ||n IU -1 ex; 


|n|| 7 _i dr). 

^ a _ 


v^’ 


Then 


wmz-i+’^ w^^Wz-id'^ < h°\\z-i 


-f 


+ c I ||ii||^_i llix^ll 7-1 ex' 
/o ■ 


p(c / 

Jo 


\u\\^-l 


0 7^’'" 


< k 


< ki 7-1 ex' 

^a,(7 


-i(l + c/ ||tt|| 7 -i exp(c / ||u|| 7 -i )) 

Jo Jo 

p(c / ||w|||-l )dT. 

Jo 


Assumed that r*^. < oo, by the previous inequality Jq HAtiH^-idr = oo. This implies 
that 

pT* 


10 


|rt||^-i dr = oo. 

^ Os „ 

—7=iCr 

Va 


As Z, 


(4.1) 


-1 


'Jt 


. Then T* = T*a Thus 


T 1* _ ry-i* _ _ rp^ 

— 1 ^ — 1 _g^ 


. 0 -’ 


Vn G N. 


Therefore, from the dominated convergence theorem 

lim lltt^lA-i = ||tt°||v-i < p. 

_V ^ n. 


Then, there exists no G N such that 

lln'^ll 1 < 1 /, Vn > no- 


Applying theorem 11.51 so we have Vn > no 
(4.2) 


n gC(M+,ZI^^^). 


Using the inequalities (|4.ip - (|4.2D and for n 
absurd, so = oo. 


no, we obtain T*^ 



oo. This is 

□ 
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5. Long time decay for the global solution 

In this section, we prove the second main theorem 11.51 
Let u G C(M+,Z-1(M3)). As Then u G C{R+, 

For the results of Hantaek Bae (see US]). There exist to > 0 and a > 0 such that 

(5.1) l|e“'^'u(t)||;t^-i(]R3) < Co, Vt > to, 
where to = fit) = y/t — to. 

Therefore, let a > 0 and /3 > 0. Then, there exists ci > 0 such that 

(5.2) ax^ < Cl + fix, x > 0. 

Take /3 = § and using the inequalities (I5.1l) - (|5.2p and the Cauchy-Schwartz inequality, so 
we obtain 


||u(t)||^-l = 

iR3 141 

< 

r gci-i-/3|$| 

/ |n(0|d4 

iR3 141 

< 

iR3 141 

< 

gCl 

< 

1 

0 

0 

Using theorem 11.31 So, limt_).oo '^(t) 2 - 

-1 = 0. 

,cr 
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